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Group—A

(Classical Mechanics)
(Answer Question No. 1 and any three from the rest)

1. Attempt any one:
a) A particle is projected vertically upwards from a point O on the earth’s surface. Taking the

rotation of the earth about its axis into account, show that when the particle falls to the ground,
it is deviated towards the west through an amount
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where V is the upward velocity of projection, w is the angular velocity of the earth about its
axis and A is the geographical latitude of the place.
b) If forces are conservative and geometrical equations do not contain time ¢ explicitly, then by
help of Lagrange’s equations of motion prove that 7'+ V' = constant where 7" = K E. and
V = P.E. of the system.
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2. A smooth wire bent in the form of a parabola has for its equation z =ay” when the wire lies in the
yz-plane with z-axis vertical. A bead slides on the wire and the wire rotates with constant angular
velocity w about the vertical z-axis. Deduce the Hamiltonian (/7) and obtain the equation of
motion. Is H = E, where E is the total energy?

3. A bead of mass m slides on a smooth uniform circular wire of radius » =a which is rotating with
constant angular velocity @ about the diameter which is vertical. Set up the Lagrangian and find
the equation of motion of the bead.

If the bead is released from rest from a point on the level of the centre of the circular wire, show

that it will not reach the lowest point if @ > 28 ‘
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4. Ina dynamical system with two degrees of freedom, the kinetic energy 7"is given by
-2
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and the potential energy V =c+dg, where ¢, ¢» are generalized coordinates and a, b, ¢, d are
constants. Use the method of ignoration of coordinates to show that the value of ¢, in terms of time

1 is given by equation of the form
(¢, —k)(g, +2k)" =h(t~1,)°
where hy, k, 1y are constants.

5. State Hamilton’s Principle. Derive Hamilton’s canonical equations of motion using Hamilton’s
Principle.
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O and O' are two fixed points in space not in the same vertical line, O being at higher level than
O' . Find the form of the plane curve joining O and O' such that the time of fall of a smooth
particle from O to O" along the curve starting from rest at O and moving under gravity is
minimum. (8]

Group — B
(PDE)
[The symbols have their usual meanings|
Section - |
(Answer any three questions) 3x5

Establish the recurrence relation xP,(x)— P, (x)=nP,(x).

0 ,m<n
I
Show that L x"P,(x)dx =4 2"(|n)’ 2 =
2n  2n+1 |

A(-) =

When # is an integer, show that J,(x) is equal to the coefficient of /" in the expansion of ¢

Evaluate [ x'J,(x)dx .
If a > 0, show that jm e “Jy(bx)dx = S
(] aZ +b2
Section - 11

(Answer any three questions)

2n-1

Reduce the equation (n—1)%u,_ — yz”uw =ny™" u, when n (#1) is an integer, to canonical form
and find its general solution. [5]
. L % o’u * . Ou .
For the linear PDE Lu = Z a, +2b,.—+cu =0 where a,(=a,),b,c are functions of
G T oxox;, T ox, & | .
x,,X,,-+,X, having continuous second order partial derivatives in D c E" ; prove that L will be
e Oay
self-adjoint if > — =5 Vi=1()n . [5]
=1 Ox,
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Solve the PDE, 6_:;+la_u+% s l; =0 where u is finite at » = 0, u(a,0)=U, (= constant) and
or- ror r° 06
u(r,0)=u(r,7)=0 by the method of separation of variables. [5]
; . w1 du ; . .
Using u(x,t)= f(x+ct)+ g(x—ct) as the solution of e =—2¥ , find D’Alembert’s solution
- ¢
when u(x,0) = u,(x), % (x,0) =u,(x) . Also show that this solution is unique. [5]
Find the general integral of the equation (x—y)u, +(y—x—w)u,=u , given that u = 1 on
C:x*+y2=1. [5]
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